A simple electrolyte in a polar solvent is modelled by a mixture of polar hard spheres and equal diameter charged hard spheres with the possibility of ionic dimerization. The analytical solution of the associative mean spherical approximation (AMSA) for this model is derived to its full extent. Explicit expressions for pair correlation functions and dielectric constant in terms of the AMSA are established. Some numerical calculations illustrate the role of ionic association.
Introduction
The mean spherical approximation (MSA) is an analytical theory for electrolyte solutions in the ionic approach [1] [2] [3] , as well as in the ion-molecular approach [4] [5] [6] [7] [8] [9] [10] [11] [12] . The solution of MSA de nes screening potentials which play an important role in the construction of the optimized cluster expansion for free energy and correlation functions [13] [14] [15] . The MSA corresponds to the well-known DebyeHuckel (DH) theory 16] in the low coupling Mayer limit (small ionic concentrations and low nonideality of electrostatic interactions) The MSA is also asymptotically correct in the high coupling Onsager limit (high densities and strong nonideality of electrostatic interactions) 17], where, unlike the DH theory, it satis es the exact Onsager bounds 18] for the Helmholtz free energy and the internal energy of the system. However, the MSA (similar to the DH theory) is a linearized theory (in the strength of electrostatic interactions and in the inverse temperature) that fails at low temperature and does not capture the full second ionic virial coe cient or the full e ect of ion pairing. Moreover, the MSA, as a usual integral equation theory, is derived from the Mayer density expansion and does not satisfy the high coupling c M.F.Holovko, V.Kapko low-density limits. For strongly associating liquids an in nite number of terms in the density expansion need to be included in order to obtain the correct low-density limit, while only a few terms of the activity expansion are enough for this purpose [18] [19] . A simple and natural way to correct the theory of electrolyte solutions was proposed by Bjerrum 20] who developed the theory of an ionic association in conjunction with the DH theory. In general, an ionic association occurs due to strong Coulomb interactions or as a result of the chemical mechanism caused by a true chemical bond formation. However, the rst realization of an ionic association was done at the thermodynamical level with the application of the original Bjerrum idea, which is exactly correct only for point ions 21] .
Recently, a multidensity integral equation theory which correctly accounts for the e ects of association in ionic systems has been proposed [20] [21] [22] [23] . It is based on the multidensity formalism for associating uids of and combines a description in terms of the activity and density expansions. The description of ionic associations in the multidensity formalism with the extension MSA began from the two-density version which was referred to in 26] as an associative MSA (AMSA). The analytical solution of the AMSA was found for an ionic dimerization model 26] and then for an arbitrary mixture of dimerizing ions 27], for an ionic restricted primitive model 26], for a shielding sticky ionic model 32], for a highly asymmetric ionic model 29] and then it was generalized for polymerizing ions [29] [30] and also for ionic uids with an arbitrary multiple bonding 31]. The explicit expression for thermodynamical properties of a mixture of dimerizing ions was obtained with the application of the exponential approximation for the contact values of a non-associated part of pair distribution functions g 00 ab which was used for the calculation of the degree of association [36] [37] . Such an approximation yields the correct Bjerrum limit for very dilute solutions and the AMSA corresponds to the DH theory with the Bjerrum corection for an ionic association in the limit of point ions. Moreover, as we have recently shown 21], the results of the AMSA can be supplemented by the Ebeling-Grigo 38] choice of the degree of association which provide the capture of the full second ionic virial coe cient. As a result, the solution of the AMSA of associating ionic systems is asymptotically correct in the Onsager high coupling and high density limits, as well as in a high coupling total association and low density limits.
The application of the AMSA to the electrolyte solution has been focused up to this time only on the development of an ionic approach. The application of the AMSA to an ion-molecular model was done for any case. The simplest such model is an ion-dipole mixture which has been solved analytically in the MSA for a restricted case of equal sizes of ions and dipoles 4-6, 10] and also for a more general case [7] [8] [9] [12] [13] [14] .
From this article we begin to generalize the solution of the MSA for an iondipole model for the AMSA case. In general, in ion-molecular systems, ion-molecular and molecular associations can exist, except for an ionic association. An ion-molecular association describes ionic solvation e ects and a molecular association can be connected with H-bonding e ects. Important aspects of molecular systems with hydrogen bonds connected with the proton transfer were developed by Stasyuk and co-workers 39]. However, in this article for simpli cation we restrict the consideration of the ion-dipole model only to an ionic association. A more general ion-diple model with molecular and ion-molecular association will be considered elsewhere 41].
The article is organized as follows. In the second section an ion-dipole model with an ionic association is introduced and a general scheme of the analytical solution of the AMSA for this model is presented. In the third section explicit expressions for pair correlation functions and the dielectric constant are obtained for the AMSA solution. Some explicit numerical results, as well as some conclusions are given in the fourth section.
The model and the general scheme of the AMSA solution
The considered model consists of a three-component mixture of hard spheres with embedded point dipoles and equal size hard spheres with embedded point charges ful lling the charge neutrality condition. The oppositely charged hard spheres may have associative interactions, which are unique for dimerizing particles. The potential model employed in our study can be presented in the form:
U xy (X 1 ; X 2 ) = U HS xy (r 12 ) + U el xy (X 1 ; X 2 ) + (1 ? xy )U dim xy (z 12 );
where U HS xy (r 12 ) is the potential of the hard spheres of diameters , U el xy (X 1 ; X 2 ) are the pairwise electrostatic interaction potentials, X 1 denotes set of coordinates of particle 1 and 1 is a set of the Euler angles necessary to de ne the orientation of the molecule, r 12 is the interparticle distance, U dim xy (z 12 ) is the associative potential which appears due to a sticky point site placed on the surface of each hard ion. Here z 12 is the distance between the sticky sites of two ions at a given centre-centre separation and orientation.
Our where we put = 1 and consider as a unit of length, T = 1=(k b T) is the Boltzmann thermal factor, B is the strength parameter of the association between sticky points placed on the surface, (r) is the Dirac delta function. h xy (X 1 ; X 2 ) and c xy (X 1 ; X 2 ) are a pair correlation function and a direct correlation function, respectively, for species x and y in positions ? ! r 1 and ? ! r 2 . For dipolar particles these functions will depend on the orientation. Thus, the notation h xy (X 1 ; X 2 ) includes the relative distance r 12 =j ? ! r 1 ? ? ! r 2 j, as well as possible orientationsŝ 1 andŝ 2 of dipole moments, withŝ being a unit vector along the dipolar moment, dX 3 denotes an integration over the position r 3 and orientationsŝ 3 (with
The indices ; ; ; have the values 0, 1 for ions and 0 for dipoles and indicate the degree of association of the corresponding particle. The case = 0 corresponds to an unbonded particle, = 1 { to the particle with a bonded site. For simplicity we will omit index " " for dipoles.
x is the density of the particle of type x, which is separated into two densities z = 
is a factor introduced to avoid divergences. In what follows the limit ! 0 is considered. Here it must be noted that the decoupled equation (14) together with the closure relations (18) and (21) 
Equation (13) together with the closure relations (17) and (20) 
1 is a unity 3 3 matrix, and the symbol T denotes a transposed matrix.Q(r) will be a simple matrix function of the form:
?Â e ? r ; (26) whereÂ is a constant matrix andQ The solution of the AMSA reduces to the calculation of the matrix factor function Q(r). Using some algebra we nd its elements, which can be presented in the form: Q 0 (r) =Q (1) (r ? 1) +Q (2) (r 
xy (k) denote the Fourier transforms of the correlation functionŝ h (S) xy (r) andĉ (S) xy (r), respectively. A set equations (37) ) is given in (36).
A set of nonlinear equations
After a substitution of equation (26) in the k-space into (24) the matrix equation is obtained
From the asymptotic behaviour ofŜ(r), contained in equations (20), we can obtain in 10] (for small k and = 0): (45) 
Taking into account equations (33), (28) and (26) 
We additionally have ve equations. We can rewrite equation ( (53) for S 12 and S 22 and equation (50) only two are independent. We cannot prove this analytically due to the complexity of the obtained system. But numerical calculations con rm the identity of these sets.
The pair distribution functions
In this section we intend to develop explicit expressions to compute the correlation functions. As usual, we have j mn (r) = dJ mn (r) dr : From (9) and (8) we can de ne the total pair distribution functions g ++ (r) = g ?? (r) = 1 + h (S) ii (r) ? h 000 (r); g +? (r) = 1 + h (S) ii (r) ? h 000 (r); g +d (r; 2 ) = 1 + h (S) id (r) + h 011 (r) cos ( 2 ) as a function of ionic concentration is presented in gure 3. Similarly to the pure ionic model with the increasing ionic concentration, the process of ionic dimerization becomes more intensive. The above result is consistent with the Le Chatelier principle, since the process of olimerization can be treated as an exothermic reaction.
Finally, the dependence of the dielectric constant on the ionic concentration is represented in gure 4. As in the MSA, the dielectric constant decreases, but due the ionic dimerization this decrease is slowler compared with a non-associative case. 
